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Abstract
Let H be a graph. Graph G = (V, E) admits a H-covering, if every edge in E(G) belongs to at least one subgraph of G isomorphic
to a given graph H. A graph G is said to be an (a, d)-H-antimagic total graph if there exist a bijective function f : V(G) ∪ E(G)→
{1, 2, . . . , |V(G)| + |E(G)|} such that for all subgraphs H′ isomorphic to H, the total H-weights w(H) = ∑v∈V(H′) f (v) +∑e∈E(H′) f (e)
form an arithmetic sequence {a, a+d, a+2d, ..., a+ (t−1)d}, where a and d are positive integers and t is the number of all subgraphs
H′ isomorphic to H. If such a function exist then f is called an (a, d)-H-antimagic total labeling of G. An (a, d)-H-antimagic total
labeling f is called super if f : V(G) → {1, 2, . . . , |V(G)|}. In this paper, we study the super (a, d)-C2r−antimagic total labeling for
a connected and disconnected tensor product of Cr and Pn, for odd r ≥ 3 and any n ≥ 3. The result shows that a tensor product of
Cr and Pn and disjoint union of a tensor product of Cr and Pn, for odd r ≥ 3 and any n ≥ 3, admit a super(a, d)-C2r−antimagic total
labeling for some feasible d.
c© 2015 The Authors. Published by Elsevier B.V.
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1. Introduction
All graph in this paper are ﬁnite, simple and undirected, for more detail basic deﬁnition of graph, see [3]. By a
labeling of a graph, we mean any mapping that sends some set of graph elements to a set of positive integers. If the
domain is a vertex-set V(G) or a edge-set E(G), the labelings are called respectively vertex labelings or edge labelings.
Moreover, if the domain is V(G)∪ E(G) then the labelings are called total labelings. We deﬁne the edge-weight w(uv)
of an edge uv ∈ E(G) under a total labeling as the sum of the vertex labels corresponding to vertices u, v and edge
label corresponding to edge uv. Furthermore, the edge-magic labeling was then developed into a magic covering by
Gutie´rrez, and Llado´ [2]. They deﬁned that a graph G admits an H-magic covering if every edge of E(G) belongs to
H and there exist a bijection f : V(G) ∪ E(G) → {1, 2, . . . , |V(G)| + |E(G)|} such that for each subgraph H′ of G
isomorphic to H, w(H′) =
∑
v∈V(H′) f (v)+
∑
e∈E(H′) f (e) is a constant. If f (V(G)) = {1, 2, . . . , |V(G)|} is said to admit an
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H-supermagic covering. A super edge magic or antimagic total labeling can be said as a P2− super magic or antimagic
total labeling.
There are many results for H-(super)magic graphs. Llado and Moragas [8] studied cycle-magic labeling of wheels,
prisms, books, wind mill graphs and subdivided wheels by using the technique of partitioning sets of integers. Mary-
ati et al. [9] proved that some families of trees are path-supermagic. Ngurah et al. [10] constructed cycle-supermagic
labelings for some families of graphs namely chains, wheels, triangles, ladders, and grids. Jeyanthi and Selvagopal [7]
showed that one point union of a 2-connected graph H and linear gerland of a 2-connected graph H admit an H-
supermagic covering. Roswitha and Baskoro[12] also proved that there is a S n,n -supermagic covering on caterpillar
graph S n1,n2,...,nk where n1 = n2 = . . . = nk = n, and a F2,n -supermagic covering on ﬁrecracker graph Fk,n where k
integer, n even. Maryati et. al [9] proved that, for H is a non-trivial connected graph and k ≥ 2 is an integer, shack(H, k)
and amal(H, k) which contain exactly k subgraphs isomorphic to H are H-supermagic.
Meanwhile, Simanjuntak et al. [13] introduced an (a, d)-edge-antimagic total labeling of G which is deﬁned as a
bijective function f : V(G)∪E(G)→ {1, 2, ..., |V(G)|+ |E(G)|} so that the set of edge-weights { f (u)+ f (uv)+ f (v)|uv ∈
E(G)} is equal to the set {a, a + d, a + 2d, ..., a + (|E(G)| − 1)d} for some positive integers a and d. An (a, d)-edge-
antimagic total labeling f is called super if the vertex labels are the smallest possible labels. Combining the two
previous labelings, Inayah et al. [5] introduced the (a, d) − H- antimagic total labeling. A graph G is said to be an
(a, d)-H-antimagic total graph if there exist a bijective function f : V(G) ∪ E(G) → {1, 2, . . . , |V(G)| + |E(G)|} such
that for all subgraphs H′ isomorphic to H, the total H-weights w(H) =
∑
v∈V(H′) f (v)+
∑
e∈E(H′) f (e) form an arithmetic
sequence {a, a + d, a + 2d, ..., a + (t − 1)d}, where a and d are positive integers and t is the number of all subgraphs
H′ isomorphic to H. If such a function exist then f is called an (a, d)-H-antimagic total labeling of G. An (a, d)-
H-antimagic total labeling f is called super if f : V(G) → {1, 2, . . . , |V(G)|}. Inayah et. al [6] proved that, for H is a
non-trivial connected graph and k ≥ 2 is an integer, shack(H, k) which contains exactly k subgraphs isomorphic to H
is H-super antimagic.
In this paper, we study the problem that if a connected graph G is super (a, d) − H- antimagic total labeling, is the
disjoint union of multiple copies of the graph G super (a, d)−H- antimagic total labeling as well? We will answer this
question for the case when the graph G = Cr ⊗ Pn and H′ = C2r isomorphic to H, for odd r ≥ 3 and any n ≥ 3. The
results of this study are quite rare. For supermagic labelings version, we have found that Rizvi, et.al. [11] proved the
disjoint union of isomorphic copies of fans, triangular ladders, ladders, wheels, and graphs obtained by joining a star
K1,n with K1, and also disjoint union of non-isomorphic copies of ladders and fans are cycle-supermagic labelings,
but for super antimagic labelings, it is still widely open.
2. A Useful Lemma
In this section, we rewrite a known lemma that will be useful in the next section. This lemma, see [1], is a necessary
condition for a graph to be super (a, d)-H- antimagic total labeling providing a least upper bound for feasible value of
d.
Lemma 1. [1] Let G be a simple graph of order p and size q. If G is super (a, d)-H- antimagic total labeling
then d ≤ (pG−pH′ )pH′+(qG−qH′ )qH′t−1 , for H′j are subgraphs isomorphic to H, pG = |V(G)|, qG = |E(G)|, pH′ = |V(H′)|,
qH′ = |E(H′)|, and t = |H′j|.
Proof. Assume that a (p, q)-graph has a super (a, d)-H- antimagic total labeling f : V(G)∪ E(G)→ {1, 2, 3, . . . , pG +
qG} and the total H-weights w(H) = ∑v∈V(H′) f (v) +∑e∈E(H′) f (v) = {a, a + d, a + 2d, ..., a + (s − 1)d}. The minimum
possible total H-weight in the labeling f is at least 1+2+ . . .+ pH′ + (pG +1)+ (pG +2)+ . . .+ (pG +qH′ ) =
pH′
2 +
p2H′
2 +
qH′ pG+
qH′
2 +
q2H′
2 . Thus, a ≥ pH′2 +
p2H′
2 +qH′ pG+
qH′
2 +
q2H′
2 . On the other hand, the maximum possible total H-weight is at
most pG+pG−1+pG−2+...+(pG−(pH′ −1))+(pG+qG)+(pG+qG−1)+(pG+qG−2)+...+(pG+qG−(qH′ −1)) = pH′ pG−
pH′ −1
2 (pH′ )+ qH′ pG + qH′qG − qH′ −12 (qH′ ). So we obtain a+ (t− 1)d ≤ pH′ pG − pH′ −12 (pH′ )+ qH′ pG + qH′qG − qH′ −12 (qH′ )
which gives the desired upper bound for the diﬀerence d.
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3. The Result
The tensor product G ⊗ H is a graph with a vertex set V(G ⊗ H) = V(G) × V(H) and edge set E(G ⊗ H) =
{(u, v)(u′, v′)|uu′ ∈ E(G) and vv′ ∈ E(H)}. The tensor product is also called the direct product, categorical product,
cardinal product, relational product, Kronecker product, or weak direct product, see [4] for detail. The resulting graph
of the tensor product of graphs can be either connected or disconnected depend on the properties of G or H.
3.1. The Tensor Product of Graphs
A tensor product of Cr and Pn, denoted by Cr⊗Pn for odd r ≥ 3 and any n ≥ 3, is a connected graph with vertex set
V(Cr ⊗ Pn) = {x j,i; 1 ≤ j ≤ r; 1 ≤ i ≤ n} and edge set E(Cr ⊗ Pn) = {x1,i x2,i+1, x1,i xr,i+1, x j,i x j−1,i+1, x j,i x j+1,i+1, xr,i x1,i+1,
xr,i xr−1,i+1; 2 ≤ j ≤ r − 1, 1 ≤ i ≤ n − 1}. Since we study a super (a, d)-H- antimagic total labeling for H′ = C2r
isomorphic to H, thus pG = |V(Cr ⊗Pn)| = rn, qG = |E(Cr ⊗Pn)| = 2r(n−1), pH′ = |V(C2r)| = 2r, qH′ = |E(C2r)| = 2r,
t = |H′j| = |C2r | = n − 1.
If tensor product Cr ⊗ Pn, for odd r ≥ 3 and n ≥ 3, has a super (a, d)-C2r-antimagic total labeling then for
pG = |V(Cr⊗Pn)| = rn, qG = |E(Cr⊗Pn)| = 2r(n−1), pH′ = |V(C2r)| = 2r, qH′ = |E(C2r)| = 2r, t = |H′j| = |C2r | = n−1,
it follows from Lemma 1 the upper bound of d ≤ 6r2.
Now we start to describe the result of the super (a, d)-Fn-antimagic total labeling of amalgamation of fan graph
with the following theorems.
Theorem 2. For odd r ≥ 3, n ≥ 3, the graph Cr ⊗ Pn admits a super (10rn + 9n − 4r + 12 + (r − 3)(2rn + 15n − 4) +
(r − 3)(r − 4)(3n − 2), 4r)-C2r antimagic total labeling.
Proof. For G = Cr ⊗ Pn, deﬁne the vertex labeling f1 as follow: f1(x j,i) = jn − n + i, untuk 1 ≤ j ≤ r, 1 ≤ i ≤ n, and
the edge labeling, for 2 ≤ j ≤ r − 1 as follows:
f1(x1,i x2,i+1) = rn + i, for 1 ≤ i ≤ n − 1
f1(x1,i xr,i+1) = rn + n + i − 1, for 1 ≤ i ≤ n − 1
f1(x j,i x j−1,i+1) = rn − 2n + 2 jn − 2 j + i + 2, for 1 ≤ i ≤ n − 1
f1(x j,i x j+1,i+1) = rn − n + 2 jn − 2 j + i + 1, for 1 ≤ i ≤ n − 1
f1(x1,i x1,i+1) = 3rn − 2n − 2r + i + 2, for 1 ≤ i ≤ n − 1
f1(xr,i xr−1,i+1) = 3rn − n − 2r + i + 1, for 1 ≤ i ≤ n − 1
The vertex and edge labelings f1 are a bijective function f1 : V(G)∪E(G)→ {1, 2, 3, . . . , 3rn− 2r}. The H-weights of
Cr ⊗ Pn, for 1 ≤ j ≤ r, 1 ≤ i ≤ n under the labeling f1, constitute the following sets wf1 = ∪rj=1( f1(x j,i) + f1(x j,i+1)) =∪rj=1(2 jn − 2n + 2i + 1), and the total H-weights of Cr ⊗ Pn constitute the following sets
Wf1 = wf1 + f1(x1,i x2,i+1) + f1(x1,i xr,i+1) + ∪r−1j=2( f1(x j,i x j−1,i+1) +
f1(x j,i x j+1,i+1)) + f1(x1,i x1,i+1) + f1(xr,i xr−1,i+1)
= ∪rj=1(2 jn − 2n + 2i + 1) + 2rn + 2i + n − 1 +
∪r−1j=2(2rn − 3n + 4 j(n − 1) + 2i + 3) + 6rn − 3n − 4r + 2i + 3
By using a quadratic sequence formula, it is easy to understand that the set Wf1 = {10rn+ 9n− 4r + 12+ (r − 3)(2rn+
15n− 4)+ (r − 3)(r − 4)(3n− 2), 10rn+ 9n− 4r + 12+ (r − 3)(2rn+ 15n− 4)+ (r − 3)(r − 4)(3n− 2)+ 4r, . . . , 10rn+
9n − 4r + 12 + (r − 3)(2rn + 15n − 4) + (r − 3)(r − 4)(3n − 2) + (n − 2)4r}. It completes the proof.
Theorem 3. For odd r ≥ 3, n ≥ 3, the graph Cr ⊗ Pn admits a super (6rn+ 7r+ 21+ (r− 3)(2rn+ r+ 19)+ (r− 3)(r−
4)(3), 6r2)-C2r antimagic total labeling.
Proof. For G = Cr ⊗ Pn, deﬁne the vertex labeling f2 as follow: f2(x j,i) = ri − r + j, untuk 1 ≤ j ≤ r, 1 ≤ i ≤ n, and
the edge labeling, for 2 ≤ j ≤ r − 1 as follows:
f2(x1,i x2,i+1) = rn + 2ri − 2r + 1, for 1 ≤ i ≤ n − 1
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f2(x1,i xr,i+1) = rn + 2ri − 2r + 2, for 1 ≤ i ≤ n − 1
f2(x j,i x j−1,i+1) = rn + 2ri − 2r + 2 j − 1, for 1 ≤ i ≤ n − 1
f2(x j,i x j+1,i+1) = rn + 2ri − 2r + 2 j, for 1 ≤ i ≤ n − 1
f2(x1,i x1,i+1) = rn + 2ri − 1, for 1 ≤ i ≤ n − 1
f2(xr,i xr−1,i+1) = rn + 2ri, for 1 ≤ i ≤ n − 1
The vertex and edge labelings f1 are a bijective function f1 : V(G)∪E(G)→ {1, 2, 3, . . . , 3rn− 2r}. The H-weights of
Cr ⊗ Pn, for 1 ≤ j ≤ r, 1 ≤ i ≤ n under the labeling f2, constitute the following sets wf2 = ∪rj=1( f2(x j,i) + f2(x j,i+1)) =∪rj=1(2ri − r + 2 j), and the total H-weights of Cr ⊗ Pn constitute the following sets
Wf2 = wf1 + f2(x1,i x2,i+1) + f2(x1,i xr,i+1) + ∪r−1j=2( f2(x j,i x j−1,i+1) +
f2(x j,i x j+1,i+1)) + f2(x1,i x1,i+1) + f2(xr,i xr−1,i+1)
= ∪rj=1(2ri − r + 2 j) + 2rn + 4ri + 4r + 3 +
∪r−1j=2(2rn + 4ri − 4r + 4 j − 1) + 2rn + 4ri − 1
By using a quadratic sequence formula, it is easy to understand that the set Wf2 = {6rn + 7r + 21 + (r − 3)(2rn + r +
19)+ (r − 3)(r − 4)(3), 6rn+ 7r + 21+ (r − 3)(2rn+ r + 19)+ (r − 3)(r − 4)(3)+ 6r2, . . . , 6rn+ 7r + 21+ (r − 3)(2rn+
r + 19) + (r − 3)(r − 4)(3) + (n − 2)6r2}. It completes the proof.
Theorem 4. For odd r ≥ 3, n ≥ 3, the graph Cr ⊗ Pn admits a super (6rn + 6n + 4r + 18 + (r − 3)(2rn + 6n + 14) +
(r − 3)(r − 4)(n + 2), 4r2 + 2r)-C2r antimagic total labeling.
Proof. For G = Cr ⊗ Pn, deﬁne the vertex labeling f3 = f1, namely f3(x j,i) = f1(x j,i) for 1 ≤ j ≤ r, 1 ≤ i ≤ n. The
H-weights of Cr ⊗ Pn, for 1 ≤ j ≤ r, 1 ≤ i ≤ n under the labeling f3, constitute the following sets wf3 = wf1 =
∪rj=1( f1(x j,i) + f1(x j,i+1)) = ∪rj=1(2 jn − 2n + 2i + 1). Deﬁne the edge labeling f3 = f2, for 2 ≤ j ≤ r − 1 as follows:
f3(x1,i x2,i+1) = f2(x1,i x2,i+1),
f3(x1,i xr,i+1) = f2(x1,i xr,i+1),
f3(x j,i x j−1,i+1) = f2(x j,i x j−1,i+1),
f3(x j,i x j+1,i+1) = f2(x j,i x j+1,i+1),
f3((x1,i x1,i+1) = f2((x1,i x1,i+1),
f3(xr,i xr−1,i+1) = f2(xr,i xr−1,i+1).
The vertex and edge labelings f3 are a bijective function f3 : V(G) ∪ E(G) → {1, 2, 3, . . . , 3rn − 2r} and the total
H-weights of Cr ⊗ Pn constitute the following sets
Wf3 = wf3 + f3(x1,i x2,i+1) + f3(x1,i xr,i+1) + ∪r−1j=2( f3(x j,i x j−1,i+1) +
f3(x j,i x j+1,i+1)) + f3(x1,i x1,i+1) + f3(xr,i xr−1,i+1)
= ∪rj=1(2 jn − 2n + 2i + 1) + 2rn + 4ri − 4r + 3 +
∪r−1j=2(2rn + 4ri − 4r + 4 j − 1) + 2rn + 4ri − 1
By using a quadratic sequence formula, it is easy to understand that the set Wf15 = {6rn + 6n + 4r + 18 + (r − 3)(2rn +
6n+ 14)+ (r − 3)(r − 4)(n+ 2), 6rn+ 6n+ 4r + 18+ (r − 3)(2rn+ 6n+ 14)+ (r − 3)(r − 4)(n+ 2)+ 4r2 + 2r, . . . , 6rn+
6n + 4r + 18 + (r − 3)(2rn + 6n + 14) + (r − 3)(r − 4)(n + 2) + (n − 2)(4r2 + 2r)}. It completes the proof.
3.2. The Disjoint Union of Tensor Product of Graphs
A disjoint union of tensor product of Cr and Pn, denoted by m(Cr ⊗ Pn) for odd r ≥ 3, any n ≥ 3 and any m ≥ 2,
is a disconnected graph with V(m(Cr ⊗ Pn)) = {xkj,i; 1 ≤ j ≤ r; 1 ≤ i ≤ n; 1 ≤ k ≤ m} and E(m(Cr ⊗ Pn)) =
{xk1,i xk2,i+1, xk1,i xkr,i+1, xkj,i xkj−1,i+1, xkj,i xkj+1,i+1, xkr,i xk1,i+1, xkr,i xkr−1,i+1; 1 ≤ i ≤ n − 1, 2 ≤ j ≤ r − 1; 1 ≤ k ≤ m}. Since we
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study a super (a, d)-H- antimagic total labeling for H′ = Fn isomorphic to H, thus pG = |V(m(Cr ⊗ Pn))| = mrn,
qG = |E(m(Cr ⊗ Pn))| = 2mr(n − 1), pH′ = |V(C2r)| = 2r, qH′ = |E(C2r)| = 2r, t = |H′j| = |C2r | = m(n − 1).
If disjoint union of tensor product m(Cr ⊗ Pn), for odd r ≥ 3, n ≥ 3 and m ≥ 2, has a super (a, d)-C2r-antimagic
total labeling then for pG = |V(m(Cr ⊗ Pn))| = mrn, qG = |E(m(Cr ⊗ Pn))| = 2mr(n − 1), pH′ = |V(C2r)| = 2r,
qH′ = |E(C2r)| = 2r, t = |H′j| = |C2r | = m(n− 1), it follows from Lemma 1 the upper bound of d ≤ 6r2 + 2r
2(m−1)
mn−m−1 . Since
0 < (m−1)mn−m−1 ≤ 1, it follows d ≤ 8r2.
Theorem 5. For odd r ≥ 3, n ≥ 3, and m ≥ 2, the graph m(Cr ⊗ Pn) admits a super (10mrn − 4mr + 9mn + 12 + (r −
3)(2mnr + 15mn − 8m + 8) + (r − 3)(r − 4)(3mn − 2m), 4r)-C2r-antimagic total labeling.
Proof. For G = m(Cr ⊗ Pn), deﬁne the vertex labeling g1 as follow:
g1(xkj,i) = mn j − mn + mi − m + k, for 1 ≤ i ≤ n, 1 ≤ j ≤ r, 1 ≤ k ≤ m
and the edge labeling as follows:
g1(xk1,i x
k
2,i+1) = mrn − m + mi + k, for 1 ≤ i ≤ n − 1, 1 ≤ k ≤ m
g1(xk1,i x
k
r,i+1) = mrn + mn − 2m + mi + k, for 1 ≤ i ≤ n − 1,
1 ≤ k ≤ m
g1(xkj,i x
k
j−1,i+1) = mrn − 2mn + m + 2mj(n − 1) + mi + k, for
1 ≤ i ≤ n − 1, 2 ≤ j ≤ r − 1, 1 ≤ k ≤ m
g1(xkj,i x
k
j+1,i+1) = mrn − mn + 2mj(n − 1) + mi + k, for 1 ≤ i ≤ n − 1,
2 ≤ j ≤ r − 1, 1 ≤ k ≤ m
g1(xk1,i x
k
1,i+1) = 3mrn − 2mn − 2mr + m + mi + k, for 1 ≤ i ≤ n − 1,
1 ≤ k ≤ m
g1(xkr,i x
k
r−1,i+1) = 3mrn − mn − 2mr + mi + k, for 1 ≤ i ≤ n − 1,
1 ≤ k ≤ m
The vertex and edge labelings g1 are a bijective function g1 : V(G) ∪ E(G) → {1, 2, 3, . . . , 3mrn − 2mr}. The H-
weights of m(Cr ⊗ Pn), for 1 ≤ i ≤ n − 1, 1 ≤ k ≤ m under the labeling g1, constitute the following sets wg1 =
∪rj=1[g1(xkj,i) + g1(xkj,i+1)] = ∪rj=1[2mn j − 2mn + 2mi − m + 2k], and the total H-weights of m(Cr ⊗ Pn) constitute the
following sets
Wg1 = wg1 + g1(x
k
1,i x
k
2,i+1) + g1(x
k
1,i x
k
r,i+1) + ∪r−1j=2[g1(xkj,i xkj−1,i+1) +
g1(xkj,i x
k
j+1,i+1)] + f16(x
k
1,i x
k
1,i+1) + g1(x
k
r,i x
k
r−1,i+1)
= ∪rj=1(2mn j − 2mn + 2mi − m + 2k) + 2mrn + mn − 3m +
2mi + 2k + ∪r−1j=2(2mnr − 3mn + m + 4mj(n − 1) + 2mi + 2k)
+6mrn − 3mn − 4mr + m + 2mi + 2k
It is easy to observe that the set Wg1 = {10mrn−4mr+9mn+12+ (r−3)(2mnr+15mn−8m+8)+ (r−3)(r−4)(3mn−
2m), 10mrn − 4mr + 9mn + 12 + (r − 3)(2mnr + 15mn − 8m + 8) + (r − 3)(r − 4)(3mn − 2m) + 4r, . . . , 10mrn − 4mr +
9mn+ 12+ (r − 3)(2mnr + 15mn− 8m+ 8)+ (r − 3)(r − 4)(3mn− 2m)+ (m(n− 1)− 1)4r}. Thus, the graph m(Cr ⊗ Pn)
admits a super (10mrn−4mr+9mn+12+ (r−3)(2mnr+15mn−8m+8)+ (r−3)(r−4)(3mn−2m), 4r)-C2r-antimagic
total labeling. It gives the desired proof.
Theorem 6. For odd r ≥ 3, n ≥ 3, and m ≥ 2, the graph m(Cr ⊗ Pn) admits a super (6mrn + 3mr + 4r + 21 + (r −
3)(2mnr + mr + 19) + (r − 3)(r − 4)(3), 6r2)-C2r-antimagic total labeling.
Proof. For G = m(Cr ⊗ Pn), deﬁne the vertex labeling g2 as follow:
g2(xkj,i) = mri − mr + j, for 1 ≤ i ≤ n, 1 ≤ j ≤ r, 1 ≤ k ≤ m
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and the edge labeling as follows:
g2(xk1,i x
k
2,i+1) = mrn + 2mri − 2mr + 2rk − 2r + 1, for 1 ≤ i ≤ n − 1,
1 ≤ k ≤ m
g2(xk1,i x
k
r,i+1) = mrn + 2mri − 2mr + 2rk − 2r + 2, for 1 ≤ i ≤ n − 1,
1 ≤ k ≤ m
g2(xkj,i x
k
j−1,i+1) = mrn + 2mri − 2mr + 2rk − 2r + 2 j − 1, for
1 ≤ i ≤ n − 1, 2 ≤ j ≤ r − 1, 1 ≤ k ≤ m
g2(xkj,i x
k
j+1,i+1) = mrn + 2mri − 2mr + 2rk − 2r + 2 j, for
1 ≤ i ≤ n − 1, 2 ≤ j ≤ r − 1, 1 ≤ k ≤ m
g2(xk1,i x
k
1,i+1) = mrn + 2mri − 2mr + 2rk − 1, for 1 ≤ i ≤ n − 1,
1 ≤ k ≤ m
g2(xkr,i x
k
r−1,i+1) = mrn + 2mri − 2mr + 2rk, for 1 ≤ i ≤ n − 1,
1 ≤ k ≤ m
The vertex and edge labelings g2 are a bijective function g1 : V(G) ∪ E(G) → {1, 2, 3, . . . , 3mrn − 2mr}. The H-
weights of m(Cr ⊗ Pn), for 1 ≤ i ≤ n − 1, 1 ≤ k ≤ m under the labeling g2, constitute the following sets wg2 =
∪rj=1(g2(xkj,i) + g2(xkj,i+1)) = ∪rj=1(2mri − mr + 2rk − 2r + 2 j), and the total H-weights of m(Cr ⊗ Pn) constitute the
following sets
Wg2 = wg2 + g2(x
k
1,i x
k
2,i+1) + g2(x
k
1,i x
k
r,i+1) + ∪r−1j=2[g2(xkj,i xkj−1,i+1) +
g2(xkj,i x
k
j+1,i+1)] + g2(x
k
1,i x
k
1,i+1) + g2(x
k
r,i x
k
r−1,i+1)
= ∪rj=1(2mri − mr + 2rk − 2r + 2 j) + 2mrn + 4mri − 4mr +
4rk − 4r + 3 + ∪r−1j=2(2mrn + 4mri − 4mr + 4rk − 4r + 4 j −
1) + 4mrn + 4mri − 4mr + 4rk − 1
It is easy to observe that the set Wg2 = {6mrn+3mr+4r+21+(r−3)(2mnr+mr+19)+(r−3)(r−4)(3), 6mrn+3mr+4r+
21+(r−3)(2mnr+mr+19)+(r−3)(r−4)(3)+6r2, . . . , 6mrn+3mr+4r+21+(r−3)(2mnr+mr+19)+(r−3)(r−4)(3)+(m(n−
1)−1)6r2}. Thus, the graphm(Cr⊗Pn) admits a super (6mrn+3mr+4r+21+(r−3)(2mnr+mr+19)+(r−3)(r−4)(3), 6r2)-
C2r-antimagic total labeling. It gives the desired proof.
Theorem 7. For odd r ≥ 3, n ≥ 3, and m ≥ 2, the graph m(Cr ⊗ Pn) admits a super (6mrn + 6mn + 3m + 4r + 15 +
(r − 3)(2mrn + 6mn + m + 13) + (r − 3)(r − 4)(mn + 2), 4r2 + 2r)-C2r-antimagic total labeling.
Proof. For G = m(Cr ⊗ Pn), deﬁne the vertex labeling g3 = g1, namely g3(xkj,i) = g1(xkj,i) for 1 ≤ j ≤ r, 1 ≤ i ≤ n, 1 ≤
k ≤ m. The H-weights of m(Cr ⊗ Pn), for 1 ≤ j ≤ r, 1 ≤ i ≤ n, 1 ≤ k ≤ m under the labeling g3, constitute the
following sets wg3 = wg1 = ∪rj=1(2mn j − 2mn + 2mi − m + 2k). Deﬁne the edge labeling g3 = g2 as follows:
g3(xk1,i x2,i+1) = g2(x
k
1,i x2,i+1),
g3(xk1,i xr,i+1) = g2(x
k
1,i xr,i+1),
g3(xkj,i x j−1,i+1) = g2(x
k
j,i x j−1,i+1),
g3(xkj,i x j+1,i+1) = g2(x
k
j,i x j+1,i+1),
g3(xk1,i x1,i+1) = g2(x
k
1,i x1,i+1),
g3(xkr,i xr−1,i+1) = g2(x
k
r,i xr−1,i+1).
The vertex and edge labelings g3 are a bijective function g3 : V(G) ∪ E(G) → {1, 2, 3, . . . , 3mrn − 2mr} and the total
H-weights of m(Cr ⊗ Pn) constitute the following sets
Wg3 = wg3 + g3(x
k
1,i x
k
2,i+1) + g3(x
k
1,i x
k
r,i+1) + ∪r−1j=2(g3(xkj,i xkj−1,i+1) +
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g3(xkj,i x
k
j+1,i+1)) + g3(x
k
1,i x
k
1,i+1) + g3(x
k
r,i x
k
r−1,i+1)
= ∪rj=1(2mri − mr + 2rk − 2r + 2 j) + 2mrn + 4mri − 4mr +
4rk − 4r + 3 + ∪r−1j=2(2mrn + 4mri − 4mr + 4rk − 4r + 4 j − 1)
+4mrn + 4mri − 4mr + 4rk − 1
It is easy to observe that the set Wg3 = {6mrn+6mn+3m+4r+15+ (r−3)(2mrn+6mn+m+13)+ (r−3)(r−4)(mn+
2), 6mrn+6mn+3m+4r+15+ (r−3)(2mrn+6mn+m+13)+ (r−3)(r−4)(mn+2)+4r2+2r, . . . , 6mrn+6mn+3m+
4r+ 15+ (r− 3)(2mrn+ 6mn+m+ 13)+ (r− 3)(r− 4)(mn+ 2)+ (m(n− 1)− 1)(4r2 + 2r)}. Thus, the graph m(Cr ⊗ Pn)
admits a super (6mrn+6mn+3m+4r+15+(r−3)(2mrn+6mn+m+13)+(r−3)(r−4)(mn+2), 4r2+2r)-C2r-antimagic
total labeling. It gives the desired proof.
4. Conclusions
In this paper, we have studied cycle-super antimagicness of tensor product of two graps, denoted byCr⊗Pn for odd
r ≥ 3, any n ≥ 3. The results show that a tensor product Cr⊗Pn and also a disjoint union of tensor product m(Cr⊗Pn),
for any m ≥ 2, admit a super (a, d)-C2r-antimagic total labeling for some feasible diﬀerence d ∈ {4r, 4r2 + 2r, 6r2}.
5. Concluding Remarks
A least upper bound of diﬀerence d for connected and disconnected graphs are respectively d ≤ 6r2 and d ≤ 8r2.
Apart from obtained d above, we haven’t found any result yet, so we propose the following open problem:
Open Problem 8. Apart from d ∈ {4r, 4r2 + 2r, 6r2}, determine a super (a, d)−C2r-antimagic total labeling of tensor
product Cr ⊗ Pn, for d ≤ 6r2 and odd r ≥ 3, n ≥ 3.
Open Problem 9. Apart from d ∈ {4r, 4r2+2r, 6r2}, determine a super (a, d)−C2r-antimagic total labeling of disjoint
union of m copies of tensor product Cr ⊗ Pn, for d ≤ 8r2 and odd r ≥ 3, n ≥ 3, m ≥ 2.
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